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Abstract
We establish new product identities involving the q-analogue of the Fibonacci numbers. We
show that the identities lead to alternate expressions of generating functions for close-packed
dimers on non-orientable surfaces.
The recursion relation
Fn+2 = Fn + Fn+1 (1)
with the initial values F0 = F1 = 1 produces the well-known Fibonacci (1170-1250) numbers
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, · · · . The Fibonacci sequence can be generalized in a number of
ways [1, 2]. One generalization is the q-analogue of the sequence defined by the recursion relation
Fn+2(q) = Fn(q) + qFn+1(q) , (2)
and the initial condition F0(q) = 1 and F1(q) = q. Here q is any real or complex number. This
yields the sequence 1, q, q2 + 1, q3 + 2q, q4 + 3q2 + 1, · · · .
It can be readily established that the generating function of Fn(q) is
1
1− qs− s2
=
∞∑
n=0
Fn(q)s
n . (3)
Writing q = x − x−1 and partial fractioning the left-hand side of (3), one obtains the explicit
expression
Fn(q) =
xn+1 + (−1)nx−(n+1)
x+ x−1
, n = 0, 1, 2, · · · . (4)
We have following identities which we state as a theorem.
Theorem: (A) For M = integers and θm = mpi/(2M + 1), we have
FM (q)± i FM−1(q) =
M∏
m=1
(
q ∓ 2 i (−1)m cos θm
)
, M = 1, 2, · · · . (5)
(B) For M = integers we have
FM (q) =
M∏
m=1
(
q + 2i cos
mpi
M + 1
)
, M = 1, 2, · · · . (6)
(C) For N = integers and φn = (2n − 1)pi/2N , we have
FN (q) + FN−2(q) =
N∏
n=1
(
q ± 2i cos φn
)
N = 2, 4, · · · (7)
= ±2i+
N∏
n=1
(
q ± 2i(−1)n sinφn
)
, N = 1, 3, · · · . (8)
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(D) For M = integers, N = odd, qn = 2τ
−1 sinφn, and pm = 2τ cos θm, we have
τMN
N∏
n=1
(
FM (qn)− i (−1)
n+MFM−1(qn)
)
= i−M
2
M∏
m=1
(
FN (pm)+FN−2(pm)+2i(−1)
m+M
)
, (9)
These identities can be established by determining the zeroes of the expressions. To establish
(A), for example, using (4) it is straightforward to deduce the identity
FM (q)± i FM−1(q) = x
−M
(
x2M+1 − (±i)2M+1
x∓ i
)
. (10)
The quantity inside the parentheses in (10) is a polynomial of degree 2M in x with the highest
term x2M . It has 2M zeroes at
xm = ± i e
iθ2m , m = 1, 2, · · · , 2M.
Using the fact that x2M = −x
∗
1, x2M−1 = −x
∗
2, ..., xM+1 = −x
∗
M , we obtain
FM (q)± i FM−1(q) = x
−M
2M∏
m=1
(x− xm)
= x−M
M∏
m=1
(x− xm)(x+ x
∗
m)
=
M∏
m=1
(
q ∓ 2 i cos θ2m
)
. (11)
This leads to (A) after we make use of the identities cos θ2M = − cos θ1, cos θ2M−2 = (−1)
3 cos θ3, · · ·.
The identity (B) is proved in a similar fashion.
To establish (C) we note that for all N we have
FN (q) + FN−2(q) = x
N + (−x)−N .
For N = even, the polynomial x−N (x2N + 1) has 2N zeroes at
xn = ∓ie
iφn , xn = ∓ie
−iφn , n = 1, 2, · · · , N. (12)
This leads to (7) by factorizing the polynomial as in the proof of (A).
For N = odd, we have instead
FN (q) + FN−2(q)∓ 2i = x
N − x−N ∓ 2i
= x−N
(
xN ∓ i
)2
= x−N
N∏
n=1
(x− xn)
2 (13)
where xn = ∓(−1)
neiφn . The identity (8) now follows the replacement of x1 = −x
∗
N , x2 = −x
∗
N−1, ...
in one of the x− xn factors.
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To establish (D), write q = qn = 2τ
−1 sinφn in (A) and q = pm = 2τ cos θm in (C) to obtain,
respectively,
FM (qn)− i(−1)
n+MFM−1(qn) =
M∏
m=1
(
2τ−1 sinφn + 2 i (−1)
m+n+M cos θm
)
FN (pm) + FN−2(pm) + 2i(−1)
m+M =
N∏
n=1
(
2τ cos θm − 2i(−1)
n+m+M sinφn
)
.
The identity (D) now follows by combining these two expressions and the fact that, for N = odd
integers,
M∏
m=1
N∏
n=1
(
i(−1)m+M+n+1
)
= iM
2
.
The identities (A) - (D) can be used to deduce alternate expressions for dimer generating
functions on a Mo¨bius strip. Let ZMobM,N (zh, zv) be the generating function on anM×N Mo¨bius strip
of width N with horizontal dimer weights zh and vertical dimer weights zv . It can be shown that, by
using (A) - (D) and the equivalences of the sets {sin φ2n} = {cosφn} for N = even and {sinφ2n} =
{(−1)n sinφn} with n = 1, 2, · · · , N , one establishes the following equivalent expressions:
For N = even and τ = zv/zh,
ZMob2M,N (zh, zv) =
M∏
m=1
N/2∏
n=1
(
4z2h sin
2 φ2n + 4z
2
v cos
2 θm
)
(14)
= zMNh
M∏
m=1
(
FN (pm) + FN−2(pm)
)
(15)
= zMNv
N/2∏
n=1
F2M (qn), N = even (16)
ZMob2M−1,N (zh, zv) = 2z
N/2
h
M−1∏
m=1
N/2∏
n=1
(
4z2h sin
2 φ2n + 4z
2
v cos
2(mpi/2M)
)
(17)
= 2z
(2M−1)N/2
h
M−1∏
m=1
[
FN
(
2τ cos(mpi/2M)
)
+ FN−2
(
(2τ cos(mpi/2M)
)]
(18)
= 2z
N/2
h z
(M−1)N
v
N/2∏
n=1
(
q−1n F2M−1(qn)
)
, N = even. (19)
For N = odd and τ = zv/zh,
ZMob2M,N (zh, zv) = Re
[
(1− i)
M∏
m=1
N∏
n=1
(
2i(−1)M+m+1zh sinφ2n + 2zv cos θm
)]
(20)
= zMNh Re
[
(1− i)
M∏
m=1
(
FN (pm) + FN−2(pm) + 2i(−1)
m+M
)]
(21)
= zMNv Re
[
(1− i)iM
2
N∏
n=1
(
FM (qn)− i(−1)
n+MFM−1(qn)
)]
, N = odd.(22)
Expressions (14), (17) and (20) are those given by Lu and Wu [3, 4], expressions (15), (18) and
(21) are given by Tesler [5], and expressions (16), (19) and (22) are new.
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